Abstract. We consider Liouville type problems of stable quasi-harmonic maps, by "stable" we mean that the second variation of quasi-energy functional Eq(u) is nonnegative, and we prove that the stable quasi-harmonic maps must be constant under some geometry conditions.
Introduction and preliminaries
The classical Liouville theorem states that a bounded entire harmonic function on R 2 must be constant. There are many generalizations of this theorem considering harmonic functions on Riemannian manifold. In order to study the Liouville type theorem for harmonic maps it is natural to assume that the domain manifold has nonnegative Ricci curvature. Cheng [1] used a gradient estimate of the harmonic map to prove that the Liouville theorem is true if the target manifold has nonpositive sectional curvature and the image satisfies the sublinear growth condition. Hildebrant-Jost-Widman proved the Liouville theorem if the image of a simple Riemannian manifold is contained in a geodesic ball B n (Q) of radius M < π 2k , where k 2 > 0 is the upper bound of the sectional curvature on the target manifold. Other types of Liouville theorems consider stable harmonic maps, by "stable" we mean the second variation of energy E(u) is nonnegative, i.e. [9] proved that there are no stable harmonic maps from S k to N, where k ≥ 3 and N is an arbitrary Riemannian manifold. Wei in [7] gives another type of Liouville theorem about stable harmonic maps.
In [2] and [4] the authors give the concept of quasi-harmonic maps which relates to the blow up of the heat flow of harmonic maps. Hence the Liouville type theorems of quasi-harmonic maps guarantee some regularities of heat flow for harmonic maps. In this paper we establish some Liouville type theorems of stable quasi-harmonic maps. Our methods are based on [7] .
Suppose that N is a smooth compact Riemannian manifold. We call Φ : R l → N a quasi-harmonic map, if Φ is a nonconstant smooth map which is a critical point of the quasi-energy functional E q with respect to any smooth compactly supported variation, where 
4 dy
4 dy,
The proof of Lemma 1.1 is similar to the harmonic map's case and we may refer to Eells and Lemaire [3] .
We say a quasi-harmonic map is stable, if
for any V ∈ Φ −1 (T N) with compact support. As in [7] we define 
is the pull-back bundle from the tangent bundle T N of N. Denote ∇, the Riemannian connection of T N, and ∇ the pull-back connection. By Lemma 1.1
where e i = dΦ(e i ) and the Weingarten map A 
where n = dim N, y = Φ(x). If we assume that Q N x is negative definite, then there exists a positive function
where X = dΦ(z) and z is an arbitrary vector in R l . In order to prove Theorem 1 we need the following:
Lemma 2.1. Assume that Φ : R l −→ N is a smooth map, and Ψ(x) is a positive function of R l . If for every smooth real-valued function u(x) of R l with compact support, Φ satisfies the inequality
Proof. We choose u(x) to be
Substituting u t (x) into (2.2), we have (9); (E) E 6 / F 4 ; (F) compactly simply connected simple Lie groups of type A n , n ≥ 1, B n and C n , n ≥ 3;
(
G) arbitrary finite product of any manifold from (A), (B), (C), (D), (E) and (F).
For the proof we refer to the result of the classification of a compact connected symmetric space N with Q N y being negative definite for every y in N in [6] and [8] .
Another stability inequality, proof of Theorem 2 and Theorem 3
Assume that Φ is a smooth stable quasi-harmonic map from R l to N, g is a real-valued C 1 function on R 1 , and V y (g) is the gradient of g • ρ y where ρ y (y ) is the geodesic distance of y from y in N.
Denote by Φ uVy(g) t a variation of Φ with Φ uVy (g) 0 = Φ, and deformation vector
, where u(x) is a smooth compactly supported function on R l . Denote by ∇ the pull-back connection of Φ. Then from (1.3)
where {e i , e i , · · · , e i } is the orthonormal basis of R l and e i = dΦ(e i ). Integrating the second variational formula along V y (g) over N for any y ∈ N with volume element dV of N, and applying the Fubini theorem and the stability assumption, we obtain from (3.1)
Proof of Theorem 2. Now we assume that N is simply connected, δ-pinched for 1 4 < δ < 1; then the radius of injectivity > π by a famous theorem of Klingenberge. Letting
we have
otherwise.
It follows from (8) and the Chauchy-Schwarz inequality that
where
Furthermore, an estimate of Howard [5] , followed from manipulation of the volume comparison theorem of Bishop and Crittenden, and the Hessian comparison theorem of Greene and Wu, implies
where C > 0 does not depend on r . Let
we infer from above that T2r |∇u| 2 dx = 0, we can obtain that u ≡constant.
If u has finite energy, the above assumption is obviously true, and this completes the proof.
Remark 1. Although the assumption of finite energy for u can be considerably relaxed, we cannot prove Theorem 3 under the assumption that E q (u) < ∞. We will consider this problem in a future paper. For some results on the finiteness of energy of quasi-harmonic maps we refer to [10] .
